00 



g/u[\Y parafermions from constrained 
WZNW theories. 



A.V.Bratchikov * 
3 ■ Kuban StateTechnological University, 

^ ^ 2 Moskovskaya Street, Krasnodar, 350072, Russia. 

December, 1997 

> 
(N 

^ ■ Abstract 

^ ; 

\ The conformal field theory based on the g/u{l) coset construction 

■ is treated as the WZNW theory for the affine Lie algebra g with the 
constrained n(l)'^ subalgebra. Using a modification of the generalized 
canonical quantization method generators and primary fields of an 
extended symmetry algebra are found for arbitrary d. 

■ 1 Introduction. 

5^ I The g/u{lY,l < d < rankg, parafermions are generators of an exdended 

symmetry algebra of the conformal field theory based on the g/u{lY coset 
construction [|I], 

K = L3-V'^^'^\ (1) 

where is the energy-momentum tensor, which is associated with the 
affine Lie algebra g via the Sugawara formula. In the case of su{2)/u{l) 
the parafermions were constructed by Fateev and Zamolodchikov [Q]. These 
authors found equations which relate the su{2)/u{l) parafermions with the 
su{2) algebra. A generalization of these equations to all simple Lie algebra was 
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proposed in ref.0]. However it was not proved that the generahzed equations 
define parafermions. 

In a recent article [^] we displayed the approach to the study of the 
g/u{lY conformal field theory which is based on the connection between this 
theory and the Wess-Zumino-Novikov-Witten (WZNW) theory for g with the 
constrained 'u(l)'^ currents.lt was shown using an operator version of Dirac's 
procedure ^ that the initial energy-momentum tensor is replaced in the 
constrained theory by K. It turned out that the constrained su{2) WZNW 
theory is equivalent to the su{2)/u{l) theory. However in the general case the 
constrained currents determine the g/u{lY parafermions only up to some 
factors. 

In the present paper we choose another way. We perform operator quanti- 
zation of the constrained WZNW theory using the approach which is based on 
a modification of the generalized canonical quantization method (see e.g.[[7| 
and references therein) and show that the resulting symmetry algebra is an 
extended symmetry algebra of the g/u{lY coset conformal field theory. We 
present two explicit realizations for the parafermions: a realization where 
they are represented as elements of a coset algebra and a vertex operator 
construction. Using the second realization we find the equations which define 
the g/u{lY parafermions through their relationship with the generators of 
^.The theory has a discrete symmetry group which is generated by the u{\y 
currents, where r = rank g. The quantization method enables us to find pri- 
mary fields of the g/u{lY theory. A representation of the parafermionic alge- 
bra is obtained by applying the parafermions to the parafermionic primary 
fields. 

The parafermionic algebra is associated with a classical quadratically non- 
linear algebra which can be obtained using both the generalized canonical 
quantization method and the Dirac-bracket formalism. This demonstrates the 
equivalence of the quantization methods. 

The plan of the paper as follows. In Sec. 2 we describe the quantization 
method. Putting auxiliary operators into correspondence with first and sec- 
ond class constraints we convert the initial constraints into effective abelian 
constraints. The constrained algebra is obtained by replacing the initial op- 
erators by operators which commute with the effective abelian constraints. In 
section 3 we review the WZNW theory and introduce the constraints. In Sec. 4 
we perform quantization of the constrained WZNW theory and find opera- 
tors which replace the initial symmetry generators. These operators are 
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expressed in terms of the initial currents and free bosonic fields. We show 
that the g/u{lY parafermionic algebra can be formulated as a coset algebra 
in a natural way and find the parafermionic currents and primary fields. In 
Sec. 6 we find vertex operator construction for the g/u{lY parafermionic al- 
gebra. In Sec. 7 we consider the constrained classical current algebra, find the 
corresponding Dirac brackets and show that the same brackets can be ob- 
tained using the generalized canonical quantization method. 



2 The quantization method. 

Let and be first and second class constraints. For our purpose it is 
sufficient to consider constraints of zero Grassman parity e(T'^) = e(T^) = 
and assume that they obey the commutator relations 

[T^, T^] = [T^, T,] = 0, [T„ n] = r,,, (2) 

where r^^ is an inversible c-number matrix. 

According to the prescription of the generalized canonical quantization 
method 0] we introduce the auxiliary operators 6^ which obey the commu- 
tator relation 

^!^] = ^f^i^ (3) 

and convert the second class constraints into the effective abelian con- 
straints 

f^ = T^ + ih^. (4) 

It is easy to see that 

[T^,T,] = 0, T^(0)=T^ (5) 

and 

[T^,T^]=0. (6) 

Let us put into correspondence with each constraint a pair of the 
canonical operators {p^,q^) which, in contrast with ref. 0], are supposed 
to be of the same Grassman parity as the constraints. In the extended phase 
space the operator can be replaced by an operator T'^(x), x = ip^^p^, q^), 
which, as well as T^, satisfies the equations 

[T^,T^] = 0, [T^,T^]=0 (7) 
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and the boundary conditions 



T^(0) = T^. (8) 

Let F be an initial operator. We shall demand that F is replaced in the 
constrained theory by an operator J^{x) which commutes with the effective 
abelian constraints (T^,T^). The generating equations of the constrained 
algebra then assume the form 

= 0, [T^,^] = o, 

J^(0) = F. (9) 

Solutions of equations (|^) and (^) are not completely fixed by the boundary 
conditions. The arbitrariness is to be removed by a gauge condition. 



The WZNW model and constraints. 



The WZNW theory ^ is invariant with respect to two commuting affine 
Lie algebras, which are generated by the left and right currents {H^{z), E°'[z)) , 
(^H^{z), E°'{z)^ , where s = 1, . . . ,r and a are roots of g. Since the algebras 
generated by the left and right currents are identical we shall only consider 
the first. The theory is also invariant with respect to the conformal alge- 
bra. The Virasoro generator L^{z) is expressed quadratically in terms of the 
currents. 

The fields H'^{z), E°'{z) and L^{z) satisfy the operator product expansions 
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kdimg 

= kThy' 

where k is the level of the representation, /(a, /?) are the structure constants 
and h}^ is the dual Coxeter number of the algebra g. 

Let g be simply-laced. In this case the currents H'^{z)^ E°'{z) and energy- 
momentum tensor L'-^{z) can be expressed in terms of the bosonic fields 
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i^'i{z) = x'^ - ialHogz + i ^ ^z"", (11) 

where j = 1, . . . , fc, and 

[a;^^-, a*'] = i5''5^\ [a^ al] = m6''6''6m+n,o. (12) 



The bosonic construction for H'^{z), E°'{z) and L^{z) read |Ty, [IT], |T2 

where :: denotes normal ordering with respect to the modes of the bosons, = 
2 and is a cocycle operator. 

We shall consider the WZNW theory subject to the constraints 

H'^iz) ^ 0, (14) 

where A = 1, ... ,d. It is convenient to decompose the constraints into modes 

= Ea^\ Ht = j:at\ (15) 
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and consider an equivalent set of constraints: 

^ 0, ^ 0. (16) 

The operators H^, obey the algebra 

[H^, H^] = [H^ H^] = 0, [H^, H^] = M^^5„+„,o. (17) 

It follows from these commutator relations that the constraints are first 
class and are second class. 

4 Quantization of the model. 

4.1 Generating equations of the constrained symmetry 
algebra. 

To quantize the system we put into correspondence with the constraints the 
operators x = {b^:P^:1^) which satisfy the commutator relations 

[bi, b^] = km5^^5m+n,o. [q^.p''] = ikd^"". (18) 
The effective abelian constraints H^{b) are given by 

= h:^ + ibi (19) 

and we replace the first class constraints by the following 

= - (20) 

According to eq.(P) the other operators of the constrained symmetry al- 
gebra 'H^{z) = H^{Xj^)j where P = d + 1, . . . ,r,£°'{z) = £°'{x,^) 
C^{z) = C^ix^z) satisfy the equations 

[H^, = 0, [H^, = 0, [H^, a] = (21) 

with the boundary conditions 

n^{0, z) = H^{z), £"(0, z) = E'^iz), C^iO, z) = U{z). (22) 
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A solution of these equations is given by 

n'^iz) = H'^iz), £'^{z) = E'^{z) : e^""^^^) :, 
C%z) = K{z) + ^{h\z))\ (23) 

where a — {ol^), K is given by (1), 

H\z) = H\z) + d,<i>\z) (24) 
and (f) — (0^) are the bosonic fields: 

0^(^) = /-ip^log^ + i V^^-". (25) 

This solution is not the general one.It can be fixed by appropriate gauge 
conditions. 

4.2 Parafermionic currents. 

The operator product expansions of K with Ti^ and are given by 



where 



{z — wy z — w 

{z — wY z — w \ ^ ^ ' k 

A„^l-| (27) 

Let be the algebra generated by T-C^{z),£°'{z) and K{z). Since these 
operators commute with so therefore must all the fields of Q. Let us 
define the following set of the fields 

T = {Uen; U\ha^o = 0) . (28) 

One can check that for arbitrary U{z) e T and X{z) E Q 

U{z)X{w) e T. (29) 
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Hence T is an invariant subalgebra of Q and the coset space Q/T is an 
algebra. We shall denote by {X}{z) the coset represented by the field X{z). 
The coset field {K}{z) satisfies the g/u{lY Virasoro algebra: 



{K)(MK}(y» = ^^, + f^ + '-^^!^, (30) 

2{z — wr [Z — W)'^ Z — W 



where Cg/„(i)d = Cg — d. It follows from (|^) that {K}{z) can be represented 
by C^{z) as well. Equations ( pU]) express the fact that {H^}{z) and {S°'}{z) 
are primary fields of the g/u{lY Virasoro algebra: 



{z — wY z — w ' 

{K}{z){S}{w) = + ' (31) 

The theory has the discrete symmetry group which is generated by H^: 

[H:, {H''}] = 0, [H:, {S^}] = a^{S"} [H:, {K}] = 0. (32) 

Let us consider the case of su{2) / u{l) .The su{2) generators E^{z), E~{z) 
and H{z) are given by 



k 

E+{z) = ^ : e^^^'(^) :, (z) = : e''^^' : , 

j=i j=i 

H{z) = Y.id.^^{z), (33) 

where ifP = (f^^ . In the theory with the constrained current H[z) ~ these 
operators are replaced by 

£+{z) = E+{z) : e'^'^^^) :, £-(z) = E-{z) : e'^'/'W 
H{z) = H{z) + dMz). (34) 

We find that 

£-^{z)£-{w) = k{z-w)-^+^(^I + h{w){z-w) 

+ ^^K{w) + ^d^h{w) + h\w)yz-wA, (35) 
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where h = H/k and K is given by the su{2)/u{l) coset construction. From 
this it follows that the coset currents {S'^}{z) and {£~}{z) satisfy the parafermionic 
algebra of ref . ||^ 

{S+}{z){S-}iw) = k{z - (^{1} + 'l±l{K}{w)iz - . (36) 

4.3 Primary fields. 

Let G'^(z) be the initial primary field with highest weight A which has the 
weights A 

E:G^ = H:G^ = LiG^ = 0, n>0, 

^o^X — ^o^X — i^XXr^X/J 

LlGi = AaGI LUGi = d-.Gl (37) 

where are the step generators of g in the representation with highest weight 
A. The anomalous dimension Aa is given by [Q 

_ A(A + p) 

- 2(fcT7^' ^^^^ 

where p is half the sum positive roots of g. 
Let us define 

g^,{z) = G^.iz) : e^^-*(^) :, (39) 
where A = (A^). This field satisfies the following equations 

HnGx =0, n>0, K^g^ = 0, n>0, 

K,g^ = aX, K.,g^ = d.g^-^~x-H.,gt (4o) 

where 

a; = a^-|. (41) 

Let T be the space which is obtained by applying the currents of Q re- 
peatedly to the fields g^- Let 

v = {geT-g\f,A^, = o). (42) 
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The space V is an invariant subspace with respect to the algebra f2. Hence 
one can consider the representation of Q in the coset space T/V. It follows 
from eq.(PD|) that the coset {Gx} which is represented by is the primary 
field with the anomalous dimension (|41|). 

The space T/V can be decomposed according to the transformation prop- 
erties under the u{lY algebra.The field {Qx} belongs to the subspace with 
the charge A: 

HoiGx} = >^'{Gx}- (43) 

5 Vertex operator construction for the parafermionic 
algebra. 

In this section we show that the theory for g simply-laced can be formulated 
in terms of the initial operators x*-' , a^^ , and af^ . 

The constraints ( [T^ ) and (PD]) can be considered as the strong operator 
equations 

/ = E«f^' b^ = j:^n'- (44) 

i=i i=i 

Substituting this into ( ^3]) we express the constrained currents in terms of 
the initial operators and the auxiliary operators q = {q^) 

S"{z) = S^{z)e-k"-i, (45) 

where 

k 

£'^{z) = E : en'^-'(^)+'^^-^'(-)J : cj„ (46) 



Ail 



n ^—n 

n 



and 

n'^ - I k II ^ - J? 
' "14 if^^i- 
Note that S'^iz) (|5]) belongs to the coset {S^'jiz) 



(47) 



(48) 
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Let us put into correspondence with {K}, {H^} and {S""} the fields 
K, and (^) respectively. This map is the isomorphism of the alge- 
bras. Since q commute with all the initial operators we can set g = in 
(^5]). Therefore the generators oiVt/T can be represented by the fields K, 
and 8^ which are expressed in terms of x*-' , a'^J , and a*-' . We have checked 
that £o{.z) satisfies the equation 

[z — wY z — w 
We find that the initial currents E'^{z) can be expressed as follows 

=: e^"-^(") : r%°(2), (50) 

where 

r" = e-*"-", x^ = j2^^' (51) 

i=i 

and 

^^=j:^^' (52) 

These equations can be used as the generating equations for the g/u{lY 
papafermions. 

In the case of su{2) the cocycles can be replaced by the identity oper- 
ator. Since commutes with S^{z) we can set = and rewrite equations 
in the form IBI 



E+{z) = ^^k^|J-{z) : e^'r^W 

E-{z) = Vk^+{z) : e-'"^^^'^ :, (53) 

where 

^"(^) = -L^+(^) ^(z) = l=£;(z) (54) 

and (f{z) = if^i^z). 

These results can be generalized to non-simply-laced algebras using the 
vertex operator representation of the associated affine Lie algebras p!3| , P|. 
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6 Classical parafermions and the Dirac-bracket 
formalism. 

Quantization of the g/u{lY theory can also be performed by using the Dirac- 
bracket formahsm.The approach presented above is equivalent to the canon- 
ical quantization of the classical WZNW theory. 

To show this we first find a classical system which corresponds to the 
g/u{iy theory.Let us replace the operators H^{z),E"{z) and by the 

functions if^((T), i?"(cr), 0'^(cr), satisfying the Poisson bracket relations 

{H'{a),H\a')} = -k6''6', {H'{a), E'^ia')} = a'E"{a)6, 

f{a, (3)E''+f^{a)6, if a + /3 is a root 
{E"(a),E^(a')} = { -k5' + a- H{a)5, if a + /3 = , (55) 

0, otherwise 

= ^S^^e, (56) 

where 6 = 6{a — a') and e = e{a — a'). From this it follows that the constraints 
H^[a) ~ are second class. The abelian operator constraints H^{z) are 
replaced by H^{a) = H^{a) + d^(t){a) which satisfy the relations 

{^^(a),if^(a')} = 0. (57) 

It it easy to check that the functions 

1-L^{a) = H^'ia), ^"(a) = E°((T)e^"-'^('^) (58) 

commute with H^[a) 

{H\a),n''{a')] = 0, {H\a),£'^{a')] = 0. (59) 

Using the Poisson bracket relations (^) and (|56D we find 

{H''{a),H'^{a')} = {7^^(a), ^°(a')} = a^^"(a)(5, 

+ ^£"{a)£'^{a')e, if a + /5 is a root 

{£"{a),£^{a')} = } -k6' + a ■ H{a)6 + ■ n{a)6- (60) 

-j£°(a)£-"((T')e, ifa + /? = 

^ ^£''{a)£^{a')e, otherwise, 
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where Ti.{a) = [Ti.^{a)j . Similar algebra was found by the authors of ref.|T5 
using the gauged WZNW lagrangian. 

The algebra R defined by equations (p7D,(pUD and ( pD| ) can be obtained 



using the Dirac-bracket formalism. Let / and J belong to the initial current 
algebra (^).In the constrained theory they are replaced by the currents which 
satisfy the Dirac bracket relations 



{/, J}d = {I, J}- J dada'{I, H\a)}{H\a), H^{a')Y\H''{a'), J}. 



We find that and E"" obey the algebra 



(61) 



{E^{a),E^{a')}n 



{H\a),H^{a')}j, = {H\a),E-{a')}j, = 0, 
+^E''{a)E^{a')e, if a + /? is a root 



-M' + a ■ H{a)6- 



2k 



E''{a)E-^{a')e. 



^E-{a)E^{a% 



if a + /? = 
otherwise 



(62) 



This algebra is isomorphic to R. The corresponding map is 



[a 



E'^ia) 



(63) 



To quantize the system we could therefore start from the Dirac brackets 
(|62D (or equivalently from the Poisson brackets (p^) , (^9]) and (|60D), use anzatz 
(BSf) and replace the functions H^{a), E°'{(t) and 0^(cr) by the corresponding 
operators. 



7 Conclusion. 

Treating the g/u{lY conformal field theory as the WZNW theory for g with 
the constrained u{lY currents and using a modification of the generalized 
canonical quantization method we have found the explicit construction of 
the symmetry generators of the g/u{lY theory. The presented quantization 
may be generalized to the WZNW theory for g with an arbitrary constrained 
current algebra h G g. We expect that in the general case the conformal 
invariant solution of the generating equations determines a symmetry algebra 
of the g/h conformal field theory. 



13 



References 

[1] K.Bardakci and M.B.'lla\peTn,Phys.Rev. D3(1971)2493. 
M.B.Ralpevn^Phys.Rev. D4(1971)2398. 

[2] P.Goddard,A.Kent and D.O\ive,Phys.LeU. 152B (1985) 88. 

[3] V.A.Fateev and A.B.Zamolodchikov,S'ov.P/i2/s. J^TP 82 (1985) 215. 

[4] D.GepneY,Nud.Phys. B290 (1987) 10. 

[5] A.V.Bratchikov,P/i?/s.Leii.420B(1998) 285, |hep-th/9710036t 

[6] P.A.M.Dirac,LectMres in Quantum Mechanics (Yeshiva University, New 
York, 1964). 

[7] I.A.Batalin,E.S.Fradkin and T.FTa.dkma,Nucl.Phys. B332 (1990) 723. 

[8] E.Witten,Comm.Math.Phys. 92 (1984) 455. 

[9] V.Knizhnik and A.B.Zamolodchikov,Aruc/.P/i?/5. B247 (1984) 83. 
[10] I.B.Frenkel and V.G.Kac,/nu.Mat/i.62(1980)23. 
[11] G. Segal, Commun. Math. Phys. 80 (1981) 301. 

[12] G.V.Dunne,!. G.Halliday and P.Smsinji,Nucl.Phys. B325 (1989) 526. 

[13] P.Goddard,W.Nahm, D.Olive and A.Schwimmer, Commun. Math. Phys. 
107 (1986) 179. 

[14] D.Bernard and J.Thierry-Mieg, Commun. Math. Phys. Ill (1987) 181. 

[15] K.Bardakci, M.Crescimanno and E.Rabinovici,A^txc/.P/i?/s. B344 (1990) 
344. 



14 



